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1. INTRODUCTION
Let w(x) be a nonnegative 2-integrable weight the support of which
is contained in the fixed compact interval [a, b]. There exists a uniquely
determined sequence of ort honormal polynomials, {Pn(w; x )}, with prop-
ert ies as follows:
a) Pn(w; x )= Yn(w)xn+ .. . is an nth-degree polynomial and its leading
coefficient Yn(w) is positive ;
b) we have
b
(1.1) J Pn(w; x)Pm(w; x )w(x )dx= Omn
a
where omn is Kronecker's symbol.
A conject ure of V. A. Steklov [4] asserts that the sequence {Pn(W; x )}
is uniformly bounded in every closed subinterval of (a, b) whenever
w-1 = l /w is bounded in every closed subinterval of [a, b]. After half a
century of research this problem remains still open. The conjecture was
verified to be correct for Jacobi polynomials and in every case when the
asymptotics of Pn(w; x) was determined.
We reformulate Steklov's conjecture in a localized and modified form.
* Research su pported by NS F Gra nt 4388-AI.
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In what foll ows, let [c, d] C (a , b). Let Wo(c, d) be t he set of W for which
both w and w- 1 are bounded in [c, d] and let W1(c, d) be t he set of such
weights w for which t he sequence {Pn(W; xl} is un iformly bounded in
every closed subinterval of (c, d).
Then our modification of Steklov's conjecture is
(1.2) Wo(c, d) C WI (c, d).
The aim of t he present note is to establish a relation between t his
conject ure and the locati on of zeros of Pn(w ; x ) and p n-l(W; x) relative
to each other. I t is well known t hat the zeros of Pn(w ; x ) and Pn-l(W; x )
are all real , simple and locat ed in (a , b). Arranging them in decreasing
order we ha ve
(1.3) Xk+1,n <Xk,n-l <xx« (k =I ,2, .. .,n- I ).
In order to describe for every fixed n > 2 the location of the Xk,n-l
relative to the location of the Xkn we introduce the numbers ekn defined by
(1.4) Xk,n- l = eknXk+l,n + (l- ekn)Xkn (I <:k<:n-l ; n =2, 3, ... ).
In virt ue of (1.3)
(1.5) O<ekn < I (l < k <: n - I ; n= 2,3, .. . ).
Let us now define W2(c, d) as t he set of weigh t s with the property that
for eve ry [Cl, dd C (c, d) there exists a number LI (CI, dl ), 0 < LI (Cl, d1) < t
so that for every (Xk+1 ,n, Xkn) C (CI, dl ) we have
(1.6) L1(Cl, dl) <ekn < I - L1 (CI, dl ).
Roughly speaking, WE W2(c, d) means t hat in t he middle part of [c, d]
t he zeros of Pn-I(W; x ) a re situated near t o the middle bet ween t wo
consecut ive zeros of Pn(w ; x ).
In these terms our res ult reads
THEOREM 1.1: Let t he support of W be [a , b], let
(1.7) 10g{w(a ;b +b;a COS O) }E 2 (O, n)
a+ b
and suppose that - 2- 1: [c, d]. Then W belongs t o Wo(c, d) n WI(c, d) if
and only if it belongs to Wo(c, d) n W2(c, d).
Theorem 1.1 reduces for an extende d class of weights t he problem of
boundedness of the orthonormal polynomials to t he problem of t he
localization of their zeros.
We found no easy way to eliminate t he odd-looking condition a +b 1: [c, d]
2
fro m Theorem 1.1. B ut let us observe t hat, considering the t heore m as
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a tool for a future proof of Steklov's conjecture, this condition is un-
essential. Indeed, let us assume that WE Wo(e, d) implies WE W2(e, d)
whenever a;b 1= [e, d]. In virtue of Theorem 1.1 we have WE W1(e, d).
In case a+b E [e, d], we introduce the new weight W*(x)=w[a+(b-a)x2].
2
This transforms the support interval [a, b] to [0, 1] and a+b is transformed
2
into 2-1/2 i.e., into a point not in the middle of the support. Thus
WE Wo[e, d], a+b E [e, d] implies W* E Wo(y, d) for a (y, d) around 2-1/2
2
not containing the middle point i . By assumption follows W* E W1(e, d).
In consequence of (4.6) the polynomials
Pn(W, x) = (b-a)-1/2pn(W*; a+ (b-a)x2)
are uniformly bounded in an interval around a +b, as required.
2
2. LEMMAS ON ORTHOGONAL POLYNOMIALS
In this part 2. we are quoting some known facts on orthogonal poly-
nomials. Notations are the same as in our book [2].
We considor the Christoffel function An(W; x) and we denote
"-1
A;-I(W;X)= I p:(w;x)=
k-O(2.1)
LEMMA 2.1: a) It w(x) is bounded in [e, d] then
b) It url(x) is bounded in Ic. d] then
Here and in what follows A 1 , A 2, •.• denote positive numbers possibly
depending on the choice of w, (o, d) and [ci, d1] but which are not depending
either on n or (whenever applicable) on k.
LEMMA 2.2: Let WE Wo(e, d) and (Xk+1 ,n, Xkn) C (el, d1) . Then
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LEMMA 2.3: The orthonormal polynomials satisly the recurrence relation
(2.5)
where
b
cn= S xp~(w ; x )w(x )dx .
a
In particular, if a = -b and w is an even function W then p~(w/x) is
even and we have
(2.7) ( _ ) Yn(w ) (_) Yn-l (W) (_)xpn w; X = (_)Pn+1 w; X + (_) pn-l w; X •1'11.+1 W 1'11. W
LEMMA 2.4: We have lor every w
(2.8)
Lemma 2.1 was discovered by G. Szego, see e.g. [5]. Lemma 2.2 is a
generalized version of a theorem of P. Erdos-P, Turan [1] which was
proved in [2]. Lemma 2.3 is a classical result of E. B. Christoffel and
Lemma 2.4 is due to J . Shohat [3].
LEMMA 2.5 : If w sati sfies (1.7 ) then
(2.9)
and
(2.10)
lim Yn(w) = b-a
>1-+00 yn+1(w ) 4
. a + bhm cn(w) = -2- .
"....00
PROOF: Let us transform the support [a, b] of w to [- 1, 1] by
(2.11) w*(t)=w[a;b + b;atJ .
Then the transformed orthonormal polynomials are
(
b _ a) 1/2 a-s-b b - a(2.12) pn(W* ; t)= -2- Pn(W ;-2- + -2- t).
It follows that
(
b _ a) n+1/2 Yn(w *) 2 Yn(w)
(2.13) Yn(w*)= -2- Yn(w ) i .e. Yn+1 (w*) = b - a Yn+1(W)'
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Inserting this in (2.5) we obtain
(2.14)
Yn-I(W*) (*.)+ ( *) pw-: W , tYn W
and
(2.15) Cn(W*) = b~a(cn(W) _ a;b) .
Now (2.11) transforms (1.7) in log w*(cos 0) E 2' and this implies due
to well known results of G. Szegd 2 that 1':/1':+1 ~ t and c:(w) ~ O.
Indeed, G. Szego proved the existence of limn_co 2- nYn(w*). By (2.15)
and (2.14) we obtain (2.9) and (2.10) .
Q.E.D.
For a new proof of (2.10) see the part 4 of this paper.
3. PROOF OF THEOREM 1.1
THEOREM 3.1: II W is bounded in every closed subinterval 01 (c, d) and
il W E WI(c, d) then we have WE W2(c, d).
Note that we do not assume here either a+b ¢ [c, d] or that (1.7) holds.
2
PROOF : We introduce the polynomial
(3.1) Yn-l(W)Vin(x) = () pn-1(W; x)Pn(w; x)
Yn W
and observe that in virtue of (2.1) we have
(3.2) Vi~(Xkn) =A.r-;-l(w;Xkn) (k=l, 2, .. . ,n)
and
(3.3) Vi~(Xi,n-l) = -A.;\w; Xi,n-I) (j = 1,2, ... , n -1).
From Lemma 2.1 a) we obtain, for (Xk+l ,n, Xkn) C [i(C+CI), t(d+dl )] ,
(3.4) 2Ai 1n ~ Vi~(Xkn) -Vi~(Xk ,n-l) = Vi~(17I )(Xkn - Xk,n-I)
and
(3.5) 2Ai 1n ~ - Vi~(Xk,n-t}+ Vi~(Xk+1,n) = - Vi~(172)(Xk,n-1 -Xk+1,n).
Here 171 and 172 lie in (Xk,n-l, Xkn) and (Xk+1,n, Xk,n-I), resp.
2 See G . Sze go [5] , formulae (12.7.4), (12.7.6) and (3.2.1).
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In virtue of Lemma 2.4, WE W1(c, d) implies that the polynomials 'IjIn(X)
are uniformly bounded in [!(C +Cl), +!(d+d1)] . Applying Bernstein's
inequality we infer that
Consequently whenever (Xk,n-l, )Xkn) C [Cl, dl] or (Xk+1.n, Xk .n-l) C [Cl,dl],
resp, we have
and
where A 7 = (AA16)- 1.
Finally,
and
where Ag=A7/A4 • That implies that (1.6) holds with Ll(Cl, dl)=Ag•
Q.E.D
Note that Theorem 3.1 implies
(3.9) Wo(c, d) (\ W2(C, d) C Wo(c, d) (\ Wl(c, d)
which is half of Theorem 1.1.
The proof of the inclusion opposite to (3.9) is more difficult.
Let P(x) be a polynomial which has real zeros only. Let Co, '1, '2 be
three consecutive zeros of P(x) in increasing or decreasing order. We
assume that the zeros '1 and '2 have multiplicity one.
LEMMA 3.2 : If under the above assumptions 'fJ is between Co and '1 then
where
PROOF: Let Xk be any zero different from '1 and C2, then all the three
numbers 'fJ - Xk, Cl - Xk and C2 - Xk have the same sign. Consequently
(3.12)
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Multiplying (3.12) over all zeros Xk, each as many times as its multi-
plicity, we obtain
(3.13)
(3.14)
We obtain (3.10) dy expressing !P(17) I from (3.13).
Q.E.D.
THEOREM 3.2: Let W satisfy (1.7) and let a+b ¢ [c, d]. Then
2
WE Wo(c, d) r. W2(c, d) implies WE Wl(c , d).
PROOF. We apply Lemma 3.2 to
P(x) = 'Yn-(~)Pn-l(W ; x)Pn(w ; X)=1pn(x)
'Yn W
(see 3.1) and taking for Co, Cl, C2 three zeros Xk+l ,n, Xk,n-l, Xkn situated in
[c, d] C (c, d) in this order or in reversed order. In view of (3.2) and (3.3)
it follows from Lemma 2.1 that
In virtue of Lemma 2.2 and with 17 as in Lemma 3.2,
(3.16) 117 -C21 ~Xkn-Xk+l,n ~A4n-l.
In consequence of our assumption WE W2(c, d) it follows from (1.4), (1.6)
and (3.11) that
(3.17) O<a<All.
In virtue of Lemma 3.2 we infer that
holds for every 17 E [Xk+l,n, Xkn] C [CI, dl] and consequently it holds for
every 'YJ E [C2, d2] C (Cl, d1) and sufficiently large n. Hence by the recursion
formula (2.5)
(3.18) Ix-cn(w)IIPn(w; X)12~A13.
Now [C2, ~] C (c, d) so that by (2.10) limn-oo Cn(W) = a+b ¢ [C2 , d2]. Thus2
(3.18) implies that the sequence {pn(W; x)} is uniformly bounded in [C2, ~] .
By construction, [C2,~] can be an arbitrary proper subinterval of (c, d)
t .. a+b
not con ainmg -2-'
Q.E.D
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(4.7)
4. ON THE LIl\llT OF THE COEFFICIENTS IN THE RECURSION F ORMULA
THEOREM 4.1. It follows from (1.7) t hat the coefficients cn(w) in (2.5)
satisfy
(4.1) lim Cn(W)= a;b .
fl-+OO
PROOF : We introduce first the new weight with support [0, 1]
(4.2) W(t)=w[a+(b-a)t].
Applying (2.14) twice (first transforming [a, b] to [ -1, 1] and then [ - 1, 1]
to [0, 1]) we obtain
(4.3) cn(W) = Cn~W) - a.
-a
Thus, our task is to how that
(4.4) lim Cn(W)=t.
n_OO
In order to prove t hat we introduce another weight
(4.5) W(x) = [xlw(x2)
with support [ - 1, 1]. For the transformed orthonormal polynomials we
have
(4.6) P2n(W; X)=Pn(W; x2).
Note that (1.7) implies log W(cos 0) E !£' which implies in virtue of Szego's
theorem (see footnote 2)
lim Yn(Wl = t .
fl-+OO Yn+1 (W )
Note that W is even and consequently the recursion formula reduces to
(2.4). By repeated application of (2.7)
1
T7, Y2n(W ) -X2P2n( W ; x)= _ p 2n+2(W ; x )
(4.8) Y2n+2(W ) _
+ Y2n-2(W) P2n-2(W ; x )+ { [ Y2n(W ) J2+ [ Y2n- l (W )J 2}P2n(W ; x ).
Y2n(W ) Y2n+l(W ) Y2n (W )
Comparing (4.8) and (2.5) we obtain in view of (4.6)
(4.9) Cn(W ) = [ Y2n(W) J2+ [Y2n-l (~)J 2 .
Y2n+dW) Y2n(W)
In vir tue of (4.7), (4.9) implies 4.1.
Q.E.D.
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